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Abstract
In this paper we consider modification of electronic properties of graphene-based topological
insulator in the presence of wedge disclination and magnetic field by adopting the Kane-Mele
model with intrinsic spin-orbit coupling. Using the properly defined Dirac-Weyl equation for this
system, an exact solution for the Landau levels is obtained. The influence of the topological defect
on the evolution of Landau levels is discussed.
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I. INTRODUCTION
The physics of graphene still remains a rich area both for fundamental research and
promising applications [1–3]. Recently, Kane and Mele [5] have investigated the role of
the intrinsic (∆) and Rashba type (λR) spin-orbit coupling (SOC) in a single graphene
layer. In particular, they found that accounting for SOC converts an ideal two-dimensional
semi-metallic state of graphene into a quantum spin Hall insulator. Later, this new class
of electronic materials, gapped in the bulk but with topologically protected edge states
near the boundary of the sample [6], was coined topological insulators. Using angle-resolved
photoemission spectroscopy (ARPES) technique, Pan et al. [7] have confirmed manifestation
of topological insulator properties in Bi2Se3 compound. Similar results were obtained by
Roushan et al. [8] for Bi1−xSbx alloys which indicated the presence of a large energy gap and
single-surface Dirac cone associated with topologically protected state in this material [9].
Regarding theoretical studies in this area, it is worth mentioning a recent work by De Martino
et al. [10] who have analysed the modification of the electronic properties in graphene
monolayer in the presence of an applied magnetic field and pseudomagnetic field created by
intrinsic and Rashba type SOC contributions. The study of the Landau levels in graphene
layer with Rashba coupling revealed [11] the emergence of two zero modes energy states. A
low-energy spectrum of the Landau levels in bilayer graphene in the presence of transverse
magnetic field and a Rashba based SOC was investigated by Mireles and Schliemann [13].
The structure of the Landau levels for a series of gapped Dirac materials (such as silicene,
germanene, etc) with intrinsic Rashba interaction was investigated by Tsaran and Sharapov
[12]. Some interesting properties of the bound states spectrum emerging in graphene-based
topological insulator have been obtained by De Martino et al. [14] within the Kane-Mele
Hamiltonian in the presence of attractive potential and considering both intrinsic and Rashba
type SOC. In recent years, the influence of topological defects on electronic properties of
graphene has been widely investigated by several authors [15–21]. For example, Ru¨egg
and Lin [22] have studied the bound states induced by a disclination in graphene-based
topological insulators. By using the Haldane honeycomb lattice model [24] for spherical
on spherical nano surfaces (tetrahedron, octahedron and icosahedron), Ru¨egg et al. [23]
concluded that each corner of these structures (named topological fullerenes) forms a non-
trivial bound state. Choudhari and Deo [25] considered the influence of disclination on
2
electronic properties of a single graphene layer with intrinsic and Rashba type SOC and
found the energy spectrum for a modified Kane-Mele Hamiltonian.
In this paper we use the modified Kane-Mele Hamiltonian for disclinated single-layer
graphene with intrinsic SOC contribution in the presence of topological defect induced mag-
netic flux and a uniform magnetic field in order to study the eigenfunctions and eigenvalues of
Kane-Mele Hamiltonian for disclinated graphene layer - the Landau levels in this geometry.
Some physical implications of the found results will be discussed.
II. KANE-MELE MODEL FOR DISCLINATED SINGLE-LAYER GRAPHENE
In this Section we analyse the low-energy electronic properties of disclinated graphene
layer within the Kane-Mele model in the presence of an intrinsic SOC contribution. Recall
that such systems can be reasonably treated introducing a multi-dimensional tight-binding
bases. To describe graphene, the tight-binding Hamiltonian is used which allows for hopping
of electrons between nearest neighbors (from one sublattice to another) in a manner that
electrons on an atom of the type A/B can hop on the three nearest B/A atoms. By taking
into account the hopping between next-to-nearest neighbors (introduced by Haldane [4]),
we can write down the resulting Kane-Mele [5] Hamiltonian as follows:
H = t
∑
α
∑
<ij>
c†iαcjα + it2
∑
αβ
∑
<<ij>>
νijs
z
αβc
†
iαcjβ (1)
Here, t and t2 stand for the nearest and next-to-nearest neighbors hopping amplitudes, re-
spectively. Notice that the second term describes the connection between second neighbors
with a spin dependent amplitude. νij depends upon the direction of second nearest neigh-
bours hopping (anticlockwise is positive, clockwise is negative). szαβ is the spin operator for
an electron.
The low-energy continuous limit of the above tight-binding Hamiltonian with intrinsic
spin-orbit coupling (SOC) is given by:
H = ~vf(τzσxkx + σyky) +△τzσzsz, (2)
where τi, σi, and si are Pauli matrices acting on states in valleys, sublattices, and spin spaces,
respectively. We use the following notation: τ0, s0 are the identities for Pauli matrices,
τz = ±1 for two valleys K(K ′) in Brillouin zone, σz = ±1 for sublattices A(B), and sz = ±1
3
for up and down electron spins. △ = 3√3t2 is the SOC parameter for the honeycomb
lattice which produces a gap in the energy spectrum. The Hamiltonian H acts on the eight-
component spinor Ψ = [(ψA↑ψA↓ψB↑ψB↓), (ψA′↑ψA′↓ψB′↑ψB′↓)]
T , where A and B label the
sublattices in the valley K, and A′ and B′ label the sublattices in the valley K ′.
The low-energy continuum limit for treating the graphene layer with disclination can
be described by geometric theory of defects [31–34]. It is based on the metric that con-
tains all information about the elastic deformations caused by the disclination [35]. This
approach is similar to geometric theory of gravity with curvature and torsion. The conical
geometry can be presented in various ways [36]. For a sake of comparison, in this paper
we discuss three different representations. The first representation is the geometric repre-
sentation of coordinates that describe a cone imbedded in flat 3D-space with the constraint
z =
√
(α2N − 1)(x2 + y2) where (x, y, z) are the usual Euclidean coordinates and αN = sin(β)
with β being the aperture angle of the cone. This geometry is described by the following
metric
ds2 =
dρ2
α2N
+ ρ2dϕ2, (3)
where 0 < ρ <∞ and 0 < ϕ < 2π.
It is important to point out that in the present paper we have used geometric description
of conical space [36] related to the ”unfolded plane” concept [22, 25] which is based on
intrinsic characterization and uses an Euclidean geometry with incomplete angular range
given by the following metric
ds2 = dr2 + r2dφ2, (4)
where 0 < r < ∞ and 0 < φ < 2παN with αN being the intensity of the disclination,
which can be written in terms of the angular sector λ (which we removed or inserted in
the graphene layer to form the defect) as α = 1 ± λ/2π. This geometric description is the
second representation of conical geometry. Recall that graphene layer can be described as a
hexagonal lattice with two carbon atoms in the unitary cell [3]. A pictorial manner to view
the introduction of a topological defect into graphene lattice is the Volterra process [26].
This cut and glue process obeys the symmetry of the honeycomb lattice and the sector λ is
a multiple of π/3, so that λ = ±Nπ/3 where N is an integer with 0 < N < 6. When the
parameter αN is within the range 0 < αN < 1, it characterizes a positive disclination, where
within the Volterra process we remove an angular sector −Nπ/3 of graphene layer. When we
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Figure 1. (Color online) The representation of geometries of imbedded cone and the polar repre-
sentation. The coordinates of representations (3) and (4) are shown.
insert an angular sector Nπ/3 we obtain negative disclination. For example, the insertion of
λ = π/3 results in a heptagon in apex of disclinated medium. Notice that may exist saddle-
shape cones in graphene for which the value of Nπ/3 or αN > 1. This negative disclinated
medium has negative curvature and the insertion of this sector introduces saddle point
that characterizes this conical space of negative curvature. Good discussion about negative
disclination and its geometry can be found in [37]. In a graphene layer, disclinations are
described by the line element (4) corresponding to removed sector (positive disclination) or
inserted sector (negative disclination). The third representation describes a cone embedded
in three-dimensional flat space and is given by the metric
ds2 = dr2 + αN
2r2dθ2, (5)
where 0 < r <∞ and 0 < θ < 2π. The connection between the above three representations
is realized through the relations ρ = αNr and ϕ = α
−1
N φ which connects the representations
(3) and (4) according to Fig.1, and the relation θ = φ
αN
which links the representations (4)
and (5) [22, 25, 36, 38].
The topological defects are known to affect the electronic properties of graphene [39–
42]. In particular, such defect can be introduced via quantum fluxes of fictitious gauge fields
through the apex of the conical space. In this way the transport parallel to the wave function
with spin around disclination [17, 18, 22, 25, 27, 29, 30] produces a non-trivial holonomy.
Thus, to include the mismatch of the phases of the spinor base wave functions, we have to
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perform a gauge transformation of the spinor Ψ = [(ψA↑ψA↓ψB↑ψB↓), (ψA′↑ψA′↓ψB′↑ψB′↓)]
T
due to the defect in the graphene layer. These phases introduced by fictitious gauge fields in
the envelope function of spinor are responsible for making the total eigenspinor single-valued.
The general holonomy that describes these fluxes in honeycomb lattice with disclination is
given by
ψ(θ = 2π) = ei
Npi
6
(τzσzs0−3τyσys0)ψ(θ = 0). (6)
This holonomy manifests itself as a change of reference frames in space in the presence of
topological defect and the consequent change of the spinor due to the mismatch of ”cut and
glue” process. We can rewrite the expression for holonomy (6) in two contributions. One
is given by Us(φ) = e
iφ
2
τzσzs0 and is due to the parallel transport of spinor around the apex
of cone in a closed path, thus proving the variation of the local reference frame along the
path [17, 18, 22]. As is pointed out in [22, 25], Us(φ) is responsible for Ψ translation in
co-rotating spinor. The other holonomy Vns(θ) = e
iNθ
4
τyσys0 is of Aharonov-Bohm-type [43]
contribution [17] and it introduces a matrix-valued gauge field in the Hamiltonian of the
system leading to
ψ(θ = 2π) = Us(φ)VNs(θ)ψ(θ = 0). (7)
Let us consider now the two external magnetic fields. The first one is the Aharonov-Bohm
flux [43]. Its appearance in conical space has been discussed in much detail in [22, 25]. The
unfolded plane coordinates of the vector potential ~A, that generates a magnetic flux in the
center of disclination, is given by
~A =
Φ
rαNΦ0
φˆ (8)
Here, Φ0 = h/2e is the magnetic flux quanta.
The second external field is a uniform magnetic field ~B = B0zˆ in conic space. The
configuration that generates this potential in the presence of disclination was obtained in
[44] and is given by
~Ar =
B0r
2
φˆ (9)
For the electron with spin, using the Kane-Mele model at low energies in polar coordinates
(r, θ) with these magnetic fields (8) and (9) but with the modified intrinsic SOC Hamiltonian
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H ′so for the conical space, we can write down the resulting Kane-Mele Hamiltonian as follows
HKM = ~vf
[
τzσxkr + σy
(
kθ +
Φ
rαNΦ0
+
πB0r
Φ0
)]
+H ′so, (10)
where kr = −i ∂∂r and kθ = −irαN ∂∂θ . The Hamiltonian H ′so due to the SOC term in graphene
with a disclination [25] reads
H ′so = △[τzσzszh(β) + τzσzsxcos(θ)p(β)− τzσzsysin(θ)p(β)] (11)
Here h(β) =
(
1− p2
4
)
with p(β) = 2 cos β
1+sinβ
where β is the angle of aperture of the cone formed
by the wedge disclination in the graphene layer. Here, we use the same condition that (11)
θ = 2π due to the fact that θ = φ
1±N
6
and for φ = 2π − λ we always have [25] θ = 2π. This
way we can rewrite the SOC term (11) as follows
H ′so = △[τzσzszh(β) + τzσxsxp(β)] (12)
Using the gauge transformation (7) in the Hamiltonian (10), we have
HD = U
†
s (φ)V
†
ns(θ)HKMUs(φ)Vns(θ)
The resulting transformed Hamiltonian for disclinated graphene lattice is given by
HD =
[
kr − i
2r
]
τzσx +
[
kθ +
Φ
rαNΦ0
+
eB0r
2
+
N
4rαN
]
σy +
+△[τzσzszh(β) + τzσxsxp(β)] (13)
In what follows, we use the system of unities with ~ = vf = 1. To find the energy spectrum
based on the Hamiltonian (13), we apply the Ansatz: ψ(r, θ) = eijθX(r), where j is a half
integer number (j = ±1/2,±3/2, ...), resulting in the following form of the radial part of
Hamiltonian
H ′D(r) =
(
kr − i
2r
)
τzσx +
(
ντ
r
+
eB0r
2
)
σy +△[τzσzszh(β) + τzσxsxp(β)] (14)
Where τ = ± for two emergent valleys, and ντ is given by
ντ =
j + Φ
Φ0
+ Nτ
4
αN
(15)
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III. LANDAU LEVELS FOR GRAPHENE-BASED TOPOLOGICAL INSULATOR
WITH A SINGLE DISCLINATION
In this Section using the modified Kane-Mele Hamiltonian in disclinated graphene we
study the Landau levels for graphene-based topological insulator. We consider Dirac-Weyl
Hamiltonian with an intrinsic SOC. The role of a Rasbha type SOC contribution will be
treated in a separate article.
Now, let us solve the Dirac-Weyl equation H ′DX(r) = ǫX(r) for the modified Kane-Mele
Hamiltonian (14) to obtain the corresponding eigenvalues ǫ and eigenfunctions X(r) for the
seeking problem. We get four coupled equations for the first valley K and another four
equations for the second valley K ′. More specifically, the set of coupled equations for the
first valley reads
p(β)△XA↓(r)− i
[
d
dr
+
1
2r
+ ν+ + ωr
]
XB↑(r) = (ǫ−△h(β))XA↑(r), (16)
p(β)△XA↑(r)− i
[
d
dr
+
1
2r
+ ν+ + ωr
]
XB↓(r) = (ǫ+△h(β))XA↓(r), (17)
−p(β)△XB↓(r)− i
[
d
dr
+
1
2r
− ν+ − ωr
]
XA↑(r) = (ǫ+△h(β))XB↑(r), (18)
−p(β)△XB↑(r)− i
[
d
dr
+
1
2r
− ν+ − ωr
]
XA↓(r) = (ǫ−△h(β))XB↓(r). (19)
In turn, for valley K ′ we have the following set of equations
−p(β)△XA′↓(r) + i
[
d
dr
+
1
2r
− ν− − ωr
]
XB′↑(r) = (ǫ+△h(β))XA′↑(r), (20)
−p(β)△XA′↑(r) + i
[
d
dr
+
1
2r
− ν− − ωr
]
XB′↓(r) = (ǫ−△h(β))XA′↓(r), (21)
p(β)△XB′↓(r) + i
[
d
dr
+
1
2r
+ ν− + ωr
]
XA′↑(r) = (ǫ−△h(β))XB′↑(r), (22)
p(β)△XB′↑(r) + i
[
d
dr
+
1
2r
+ ν− + ωr
]
XA′↓(r) = (ǫ+△h(β))XB′↓(r), (23)
where we introduced the definition ω = eB0
2
. If we multiply (16) by (ǫ +△h) and use (17)
and (18), we can find the equation for XA↑. Likewise, by multiplying (19) by (ǫ+△h) and
using (17) and (16), we can find the equation for XB↓. After decoupling these equations, we
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obtain for the first valley
d2XA↑
dr2
+
1
r
dXA↑
dr
−
[
κ2 +
1
r2
(
ν+ − 1
2
)2
+ w+ + ω
2r2
]
XA↑ = 0 (24)
d2XB↓
dr2
+
1
r
dXB↓
dr
−
[
κ2 +
1
r2
(
ν+ +
1
2
)2
+ w′+ + ω
2r2
]
XB↓ = 0 (25)
Here, κ2 =
√
(h2 + p2)△2 − ǫ2), h(β) =
(
1− p2
4
)
, w+ = eB0(ν+ +
1
2
), w′+ = eB0(ν+ − 12)
and ω = eB0
2
.
After performing the coordinate transformation ρ = ωr2, the equations take this form
ρ
d2XA↑(ρ)
dρ2
+
dXA↑(ρ)
dρ
−
[
1
4ω
(w+ + κ
2) +
ρ
4
+
ζ2A↑
4ρ
]
XA↑ = 0 (26)
ρ
d2XB↓(ρ)
dρ2
+
dXB↓(ρ)
dρ
−
[
1
4ω
(w′+ + κ
2) +
ρ
4
+
ζ2B↓
4ρ
]
XB↓ = 0 (27)
To construct plausible and physically sound solutions of the above equations, we can use
their asymptotic behavior at two critical points, ρ→ 0 and ρ→∞. Our analysis results in
the following choice for the radial eigenfunctions
XA↑(ρ) = e
−ρ/2ρ
|ζA↑|
2 FA↑(ρ) (28)
XB↓(ρ) = e
−ρ/2ρ
|ζB↓|
2 FB↓(ρ) (29)
The functions FA(A′)↑(↓)(ρ) and FB(B′)↓(↑)(ρ) satisfy the Hypergeometric equations (or Kum-
mer equations). It can be easily verified that similar results take place for the second valley
K ′ as well
XA′↓(ρ) = e
−ρ/2ρ
|ζA′↓|
2 FA′↓(ρ) (30)
XB′↑(ρ) = e
−ρ/2ρ
|ζ
B′↑
|
2 FB′↑(ρ). (31)
In the above solutions, we made use of the following definitions:
|ζA↑| =
∣∣∣∣ν+ − 12
∣∣∣∣ (32)
|ζB↓| =
∣∣∣∣ν+ + 12
∣∣∣∣ (33)
|ζA′↓| =
∣∣∣∣ν− + 12
∣∣∣∣ (34)
|ζB′↑| =
∣∣∣∣ν− − 12
∣∣∣∣ (35)
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In this way, we obtain the following set of differential Hypergeometric equations for
FA(A′)↑(↓)(ρ) and FB(B′)↓(↑)(ρ)
ρ
d2FA↑
dρ2
+ [1 + |ζA↑| − ρ] dFA↑
dρ
+
[
−|ζA↑|
2
− 1
2
− 1
4ω
(
w+ + κ
2
)]
FA↑ = 0 (36)
ρ
d2FA↓
dρ2
+ [1 + |ζB↓| − ρ] dFB↓
dρ
+
[
−|ζB↓|
2
− 1
2
− 1
4ω
(
w′+ + κ
2
)]
FB↓ = 0 (37)
ρ
d2FA′↓
dρ2
+ [1 + |ζA′↓| − ρ] dFA
′↓
dρ
+
[
−|ζA′↓|
2
− 1
2
− 1
4ω
(
w′− + κ
2
)]
FA′↓ = 0 (38)
ρ
d2FB′↑
dρ2
+ [1 + |ζB′↑| − ρ] dFB
′↑
dρ
+
[
−|ζB′↑|
2
− 1
2
− 1
4ω
(
w− + κ
2
)]
FB′↑ = 0 (39)
where w+ = eB0(ν+ +
1
2
), w′+ =
eB0
αN
(ν+ − 12), w− = eB0αN (ν− + 12), w′− =
eB0
αN
(ν− − 12).
To avoid divergence of the obtained solutions at the critical points ρ→ 0 and ρ→∞, we
use the standard for Hypergeometric series F (a, b, ρ) procedure by imposing the condition
a = −n where n = 0, 1, 2, 3, 4.... Using this condition, we arrive at the following set of
regularized equations
FA↑(ρ) = F
([ |ζA↑|
2
+
1
2
+
(w+ + κ
2)
4ω
]
, |ζA↑|+ 1; ρ
)
, (40)
FA′↓(ρ) = F
([ |ζA′↓|
2
+
1
2
+
(w′− + κ
2)
4ω
]
, |ζA′↓|+ 1; ρ
)
, (41)
FB↓(ρ) = F
([ |ζB↓|
2
+
1
2
+
(w′+ + κ
2)
4ω
]
, |ζB↓|+ 1; ρ
)
, (42)
FB′↑(ρ) = F
([ |ζB′↑|
2
+
1
2
+
(w− + κ
2)
4ω
]
, |ζB′↑|+ 1; ρ
)
. (43)
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As a final result of this paper, we obtain
ψ(ρ, θ) = Cn,je
ijθ


e−ρ/2ρ
|ζA↑|
2 FA↑(ρ)
p△e−ρ/2ρ
|ζA↑|
2 FA↑(ρ)−i[2e
−ρ/2ρ
|ζB↓|
2 (
√
B0
2ρ
FB↓(ρ)|ν++
1
2
|+
√
B0ρ
2
∂ρFB↓(ρ))]
ǫ+△
−p△e−ρ/2ρ
|ζB↓|
2 FB↓(ρ)−i[2e
−ρ/2ρ
|ζA↑|
2 (−
√
B0ρ
2
FA↑(ρ)+
√
B0ρ
2
∂ρFA↑(ρ)])
ǫ+△
e−ρ/2ρ
|ζB↓|
2 FB↓(ρ)
−p△e−ρ/2ρ
|ζ
A′↓
|
2 FA′↓(ρ)+i[2e
−ρ/2ρ
|ζ
B′↑
|
2 (−
√
B0ρ
2
∂ρFB′↑(ρ)])
ǫ+△
e−ρ/2ρ
|ζ
A′↓
|
2 FA′↓(ρ)
e−ρ/2ρ
|ζ
B′↑
|
2 FB′↑(ρ)
p△e−ρ/2ρ
|ζ
B′↑
|
2 FB′↑(ρ)+i[2e
−ρ/2ρ
|ζ
A′↓
|
2 (
√
B0
2ρ
FA′↓(ρ)|ν−−
1
2
|+
√
B0ρ
2
∂ρFA′↓(ρ)])
ǫ+△


for the seeking eigenfunctions (eight-component spinor) in the presence of the intrinsic SOC
and a single wedge disclination. Here, Cn,j is the normalization constant.
The corresponding eigenvalues (Landau levels) are given by
ǫn =
√
4ω
[
n +
1
2
∣∣∣ντ − σz
2
∣∣∣ + 1
2
(
ντ − σz
2
)
+
1
2
(1 + sz)
]
+ (p2 + h2)△2. (44)
Notice that both the spinor wave functions ψ(ρ, θ) and the energy levels ǫn,N depend
on the disclination parameter αN as well as on the modified intrinsic SOC parameter√
(p2 + h2)∆ and applied magnetic field B0. The solutions for Landau levels in absence
of defects are contained in this solutions. Note that, all solution of Eq.(25) and Eq.(26)
are labeled αN , the subset where αN = 1 represents the Landau levels solutions for flat
graphene, for case where αN 6= 1 we have all solution for Landau levels in Kane-Mele model
for disclinated graphene. It can be verified that in the limit when αN = 1 (which corre-
sponds to N = 0), we recover the results for the Landau levels for the Kane-Mele model
with intrinsic SOC contribution in the absence of disclinations. Fig.2 illustrates the defects
11
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Figure 2. (Color online) Three-dimensional graphics for the evolution of the Landau levels ǫn,N
(normalized to the defect-free energy ǫn,0) with the quantum number n and the SOC-to-magnetic
field ratio δ in the presence of a positive disclination with N = +1 (top) and a negative disclination
with N = −1 (bottom).
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Figure 3. (Color online) Three-dimensional graphics for the evolution of the normalized Landau
levels ǫn,N with the number of disclinations N and the SOC related parameter δ for the ground
state n = 0.
mediated evolution of the Landau levels ǫn,N (normalized to the defect-free energy ǫn,0) with
the quantum number n for different values of the ratio δ = (∆lB/~vf )
2 (responsible for the
competition between the SOC contribution ∆ and external magnetic field B0 defined via the
magnetic length lB =
√
~/eB0). In turn, Fig.3 depicts the dependence of ǫn,N on δ and the
disclination number N for the ground state n = 0. For preparing these figures, the following
model parameters were used: αN = 1 +
N
6
, sin β = 1 − N
6
, τ = +1, σz = +1, sz = +1,
j = +1
2
, and Φ = 0. Notice that according to Fig.3, in the presence of wedge disclinations,
the ground state markedly evolves with N and the SOC related ratio δ.
IV. CONCLUSIONS
By introducing a modified Kane-Mele Hamiltonian in the presence of a single wedge
disclination, we presented exact results on the eigenvalues and eigenvectors for the modified
Landau levels in a single layer graphene with intrinsic spin orbit coupling (SOC). We found
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that the presence of disclinations changes the intrinsic SOC which now depends on the
parameter αN . We also observed that the eigenvalues of the energy are dependent on
parameter of disclination and that the presence of defect breaks the degeneracy of energy
levels. In addition to fictitious magnetic flux introduced by the presence of topological defect
in honeycomb lattice due to the pseudospin and given by the shift Nτ
4
in the Hamiltonian, the
presence of the Aharonov-Bohm flux also contributes to the shift of the qunatum number j.
Furthermore, Fig.2 demonstrates that the curvature introduced by topological defect changes
the behavior of the Landau levels energy ǫn,N which decreases with quantum number n for
positive disclination and increases with the parameter δ. In the case where the topological
defect introduces negative curvature in topological insulator (due to negative disclination
N = −1), ǫn,N decreases more slowly with n but its behavior as a function of δ is inverse
to the previous case and the energy decreases with variation of the SOC-to-magnetic field
ratio. Other interesting feature is the predicted behavior of the ground state of Landau
levels n = 0 as a function of a disclination type (given by disclination number N) shown
in Fig.3. More precisely, we observed that the ground state is sensitive to the presence
of curvature introduced by topological defect, decreasing with parameter δ. Based on our
findings, we may conclude that the considered here model can be used to study the influence
of topological defects on quantum Hall effect in topological insulators.
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